Device-to-device (D2D) underlaying communication brings great benefits to the cellular networks from the improvement of coverage and spectral efficiency at the expense of complicated transceiver design. With frequency spectrum sharing mode, the D2D user generates interference to the existing cellular networks either in downlink or uplink. Thus the resource allocation for D2D pairs should be designed properly in order to reduce possible interference, in particular for uplink. In this paper, we introduce a novel bandwidth allocation scheme to maximize the utilities of both D2D users and cellular users. Since the allocation problem is strongly NP-hard, we apply a relaxation to the association indicators. We propose a low-complexity distributed algorithm and prove the convergence in a static environment. The numerical result shows that the proposed scheme can significantly improve the performance in terms of utilities. Our distributed resource allocation scheme is effective for the scenario with large number of D2D users. The performance of D2D communications related to peer locations, the number of D2D users and QoS (Quality of Service) requirement are investigated thoroughly.
I. INTRODUCTION
To meet increasing demand of wireless data service, Deviceto-device (D2D) underlaying cellular networks have been proposed. Proximity users, which is in a cellular network, can communicate directly through D2D communications. Because of the shorter transmitting distance, D2D communications can use lower transmitting power to reduce the intra-cell interference and the power consumption of mobile devices. In addition, D2D communications offload the traffic of the cellular networks and thus alleviate the burden of BS. D2D communications underlaying cellular networks is a competitive technique of improving the access probability in the high user density scenario like concerts, offices and campuses [1] .
In [2] , the authors concluded two basic mode of D2D communication: orthogonal mode and reusing mode. The orthogonal mode is discussed in [3] . The resources are allocated to the cellular users and D2D users with no overlapping. This sharing method is easy to implement because there is no interference between cellular users and D2D users. But the orthogonal mode couldn't bring much improvement in a fully loaded network. So the reusing mode is discussed widely in [4] - [6] . The D2D communications share the resources of existing cellular users to achieve high spectrum efficiency. However, the reusing may cause serious interference problem in the network. So one of the key issue in D2D communication underlaying cellular networks is the resource allocation problem, which affects both the network capacity and quality of service.
In this paper, we formulate the resource allocation problem in D2D communications underlaying cellular networks that obtains the maximum sum utilities of D2D users with the constraints of the decreased utilities of cellular users caused by the interference from D2D users. This problem is a binary optimization problem which is a strongly NP-hard problem and the corresponding solution may be infeasible. So we relax the binary association indicators into continuous variables, and the problem becomes a convex optimization problem. We solve the convex problem via primal-dual decomposition which can converges to the near-optimal solution. Our work provides a efficient and low-overhead scheme for implementation especially for the scenario with large number of D2D users.
The rest of paper is organized as follows: In Section II, we address the system model of D2D communications underlaying cellular networks in reusing mode and the definition of utility function. In Section III, We formulate the optimization problem and relax it into a convex optimization problem. In Section IV, we develop the distributed resource allocation algorithm via primal-dual decomposition. In Section V, we present several numerical results. Finally, we give the conclusion in Section VI.
II. SYSTEM MODEL
In this section, we describe the model of D2D communication and utility function used in this paper.
A. Model of D2D Communication Reusing the Uplink Resources
We consider a single-cell scenario, in which multiple UEs are uniformly distributed within the cell. In general, uplink spectrum in frequency-division duplex (FDD) is often less under-utilized than that of downlink. D2D communications with downlink frequency reusing mode is less feasible [7] [8] .
In this paper, we assume D2D communication using uplink resources of existing cellular networks, i.e., the D2D users are capable to detect uplink signal. Taking 3GPP Long Term Evolution (LTE) cellular networks as an example, a D2D User Equipment (UE) is also equipped with receiver for single carrier frequency-division multiple-access (SC-FDMA) signal. There are N cellular active cellular UEs and N D2D potential D2D pairs. Each pair includes one transmitter and one receiver. We assume the cellular network is fully loaded similar to [9] . The spectrum is divided into N cellular orthogonal channels and the bandwidth of jth channel is W (j) and there is no spare spectrum. We use S C and S D2D to indicate the index sets of cellular UEs and D2D pairs respectively.
As shown in Fig. 1 , g c (j) is the channel gain between jth cellular UE and BS. g D2D (i) is the channel gain between ith D2D transmitter and receiver. g D2C (i) is the channel gain between ith D2D transmitter and BS. And g C2D (i, j) is the channel gain between ith D2D transmitter and jth cellular UE.
We adopt a pathloss dominated additive white Gaussian noise channel with log-normal shadowing. Thus, all the channel gain can be expressed as
where K is a constant determined by the system parameter, α is the pathloss exponent, L is the distance between devices and ξ is the shadowing component which follows the log-normal distribution. We apply Shannon capacity to both cellular UEs and D2D pairs as
where r c (j) is the spectrum efficiency of the jth cellular UE without interference from D2D UEs, r c ′ (j) is the spectrum efficiency of the jth cellular UEs with interference from D2D UEs, r D2D (i, j) is the spectrum efficiency of ith D2D pair when it shares the resource of jth cellular UE. P D2D , P cellular , P N is the power density of D2D UEs, cellular UEs and noise respectively. x (i, j) is the association indicator defined as
1, D2D user i associated with cellular user j, 0, otherwise .
B. Utility Function
Utility function was first introduced in micro economics and used in the data network for cross layer optimization to balance the efficiency and fairness [10] . The utility function should follow • C1: The utility functions are increasing, strictly concave, and twice continuously differentiable. • C2: The curvatures of utility functions are bounded away from zero.
The utility function for best effort traffic used in this paper is proposed in [11] :
where r is in the unit of kbps.
III. PROBLEM FORMULATION
In this section we state the optimization problem and its relaxation, which leads to our resource allocation framework. A distributed algorithm will be discussed in the following section.
A. Utility Maximization Problem
D2D communications underlaying cellular networks could be used to improve the throughput of existing cellular network. The interference to the cellular UEs caused by the D2D UEs should be smaller than a threshold. In this case, we investigate an optimization problem, which is to maximize the sum utility of D2D UEs. The utilities loss of each cellular UE should not exceed a given margin β. The utility optimization problem can be formulated as
The problem formulated in (7) is a binary integer programming problem, which is known as a NP-hard problem [12] . The computing complexity is
, where N D2D and N Cellular is the number of active cellular UEs and D2D pairs. The complexity increases rapidly when the number of cellular UEs and D2D UEs grows. Therefore, we relax the binary variable x (i, j) and make the problem (7) a convex problem below.
B. Relaxation of the association indicator
We relax the association indicator x (i, j) into continuous variables between 0 and 1, which means the D2D pair could reuse part of the resource of one cellular UE. The indicator x (i, j) is now a fraction and we formulate the relaxation below.
arg max
Then we transform the first constraint of the problem (8) into the standard form as
The above relaxation (8) is convex. The problem (7) is the upper bound of problem (8) Proof: As U D2D is a strictly concave function from the assumption C1, the composition with an affine mapping
) is concave and its nonneg-
is concave [13] . The problem above is a convex optimization problem since the objective function is concave and the inequality constraint (10) is affine.
To solve this problem using a centralized way need the global channel gains whose amount increase exponentially when the number of devices grows up. So we introduce a distributed algorithm to reduce the complexity and the cost of signaling interaction.
IV. SYNCHRONOUS DISTRIBUTED ALGORITHM
In this section, we first derive a transform of problem (8) and its Lagrangian dual which could be decomposed into N D2D separable subproblem. Then we investigate a distributed Algorithm to solve the problem using gradient method. Finally, we discuss the dynamic step size and its convergence.
A. Primal-Dual Decomposition
Primal-dual decomposition is a general approach to solve a problem by breaking it up into smaller ones and solving each of the smaller ones separately in a parallel way and it was widely used in the data network flow control [14] and load balancing in heterogeneous cellular networks [15] .
The first two constraints of (10) are coupling constraints, which make us to turn to primal-dual decomposition by adding two Lagrange multiplier f 1 (j) and f 2 (j).
Define the Lagrangian
Notice that the first two componenents (13) are separable in x (i, j). We can derive (14) . The objective function of the dual problem is
where f i (p) and g (p) is given in (16) and (17) and the dual problem is D : min p>0 D (p) .
The constraints (10) are all linear inequalities hence the refined Slater condition reduces to feasibility and the strong duality holds [13] which means we can solve primal problem equivalently by solving the dual problem (18) . As the dual optimal p * 1 and p * 2 is given, the primal problem can be solved separately by each D2D pair without any coordination.
B. Distributed Algorithm
We solve the dual problem by projected gradient method [15] - [17] . Even the gradient method is much slower than interior-point method, but it could combined with the primaldual decomposition technique to develop a simple distributed algorithm [14] . In our scheme, the distributed way brings an advantage that the BS only have to acquire g c and g D2C , which could be measured directly by listening to the pilot signals, compared to all the channel information is needed in a centralized way.
The Lagrangian multiplier p 1 (j) and p 2 (j) which could be considered as the prices of reusing the resource of cellular UE (j) adjust in the opposite direction of the gradient ▽D (p).
where γ 1 and γ 2 are positive step sizes and [z] + = max {z, 0}.
Since the utility U (x) is strictly concave, D (p) is continuously differentiable with derivatives given by
Substituting (21) into (19) and (22) into (20), we obtain the following price adjustment rules for cellular UEs:
We interpret ∑ i∈SD2D
x (i, j) as the demand of resources and ∑ i∈SD2D P D2D g D2C (i) x (i, j) as the demand of allowed interference of cellular UE j and the constant 1 and β (j) are the maximum services the cellular UE j can provide. Then the p 1 (j) and p 2 (j) are the bridges between demands and supplies and summarize all the congestion information D2D user need to konw. Notice that the adjustment algorithm can be implemented by using only local information of BS.
Since the resources of uplink can only be allocated continuously in frequency in the practical cellular system such as 3GPP LTE system. By allowing a D2D pair can only reuse the resource of one cellular UE with a ratio between 0 and 1, we turn the problem (16) into
We get the maximizer x * from the Karush-Kuhn-Tucker (KKT) condition. The numerical result shows that the loss can be ignored when the number of users is large enough. Besides the reduction of complexity, we can also benefit from the reduction of the feedback information to BS from the D2D pairs at each iteration from N D2D × N Cellular to N D2D . We summarize the algorithm as follows:
1) BS Algorithm i) BS initializes the prices p 1 (j) = 1 and p 2 (j) = 1 measure the channel gains , g c (j) and g D2C (i), calculates the β (j) and sends the feedback information g D2C (j) to D2D pair i at the beginning.
ii) At each iteration, the BS receives the chosen reusing resources and reusing ratios feedback of each D2D pair. The prices p 1 (j) and p 2 (j) are updated by (23) and (24).
2) D2D pairs' Algorithm: i) Each D2D pair measures the channel gains g D2D (i) and g C2D (i, j) and receives the channel gains g D2C (i) from BS at the beginning.
ii) At each iteration, each D2D pair receives the prices broadcast by BS and determines which cellular UE's resource it will reuse with and the reusing ratio by (25).
The amount of signaling interaction in the distributed algorithm is k (N D2D + N cellular ), where k is the iteration time, compared to (N cellular N D2D ). The gradient projected method converges fast, especially with the dynamic stepsize rule proposed below. The iteration time is about 20 to 40 times in our simulation. So even our distributed scheme needs multi times of signaling, it is still effctive for the scenario with large number of devices.
C. Stepsize and Convergence Analysis
The stepsizes of both p 1 (j) and p 2 (j) are updated following
where D (t) is an estimate of optimal value D * of problem (18) . The procedure for updating D (t) is as
and ε (t) is updated by
where β < 1 and ρ > 1.
In this procedure, we want to reach a target level D (t) that is smaller by ε (t) over the best value achieved thus far. Whenever the target level is achieved we increase ε (t). If the target level is not attained at a given iteration, ε (t) up to a threshold ε. This threshold guarantees that the stepsize is bounded away form zero. As the derivative of function D (p) given by (21)(22) are all bounded, the subgradient of dual objective function is also bounded:
where c is some scalar and it satisfies the assumption of Proposition 6.3.6 in [18] . By applying the proposition, the dynamic stepsize adjustment procedure leads to converge to a near optimal solution.
V. NUMERICAL RESULTS AND ANALYSIS
To evaluate the efficiency of proposed scheme, we conduct the following numerical simulation. As shown in Fig.  2 , a single-cell scenario is considered,where cellular UEs is uniformly distributed in the cell. We apply the clustered model where D2D pairs uniformly distributed in a randomly located cluster with given radius. Other simulation parameters are summarized in Table I . We use Water-filling method for utilities to allocate the resource of cellular users. We run the simulation 100 times for one set of parameters. Fig. 3 compares the utilities' cumulative distribution functions (CDF) of D2D pairs among the centralized scheme solving by CVX (Matlab Software for Disciplined Convex Programming) and proposed distributed scheme. The result shows that there is about 10% utility loss when there is 20 D2D users. The loss is caused by the constraint of reusing the resource of only one cellular UE.The difference between optimal solution and proposed scheme become smaller and smaller when the number of D2D pairs grows up. Fig. 4 shows that the sum utilities of D2D communications increases near linearly with the number of D2D pairs increasing. This figure shows a great potential of our scheme for increase the system performance with a large number of local traffic in the cell and the gap between distributed algorithm and centralized algorithm can be ignored when the number of D2D pairs is more than 40. Fig. 5 shows the utilities' CDF of cellular UEs among different schemes. We can find that the three curves almost overlap which means our scheme limit the interference caused by D2D communications underlaying cellular networks and guarantee the QoS requirement of cellular users. Our scheme is a practical way to improve the system capacity. Fig. 6 shows the influences of the maximum transmission distance between D2D Transmitters (TX) and Receivers (RX). The maximum transmission distance is a key parameter of D2D communication underlaying cellular networks as there are less benefits from the smaller pathloss between D2D TX and RX and more interference to the cellular network. The result show that the utilities decrease rapidly when the maximum distance of D2D TX and RX increases.
VI. CONCLUSION
In this paper, we studied D2D communications as an underlaying network to cellular networks. We formulated a binary combinational programming problem for resource allocations and relaxed it into a convex optimization problem aiming at the maximization of sum utilities of D2D users and satisfaction of the QoS requirement of cellular users. We further designed a distributed algorithm by using primal-dual decomposition. In this algorithm, we allow one D2D pair can share the resource of only one cellular user to reduce the complexity. The numerical results shows that our scheme is effective especially for the scenario with large number of D2D users.
